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Abstrat
Evaluation of variation of a Green's funtion in a gauge eld theory with a gauge parameter θ involves
eld transformations that are (lose to) singular. Reently, we had demonstrated [hep-th/0106264℄ some
unusual results that follow from this fat for an interpolating gauge interpolating between the Feynman and
the Coulomb gauge (formulated by Doust). We arry out further studies of this model. We study properties
of simple loop integrals involved in an interpolating gauge. We nd several unusual features not normally
notied in ovariant Quantum eld theories. We nd that the proof of ontinuation of a Green's funtion from
the Feynman gauge to the Coulomb gauge via suh a gauge in a gauge-invariant manner seems obstruted
by the lak of dierentiability of the path-integral with respet to θ (at least at disrete values for a spei
Green's funtion onsidered) and/or by additional ontributions to the WT-identities. We show this by the
onsideration of simple loop diagrams for a simple sattering proess. The lak of dierentiability, alternately,
produes a large hange in the path-integral for a small enough hange in θ near some values. We nd several
appliations of these observations in a gauge eld theory. We show that the usual proedure followed in the
derivation of the WT-identity that leads to the evaluation of a gauge variation of a Green's funtion involves
steps that are not always valid in the ontext of suh interpolating gauges. We further nd new results related
to the need for keeping the ǫ-term in the in the derivation of the WT-identity and and a nontrivial ontribution
to gauge variation from it. We also demonstrate how arguments using Wik rotation annot rid us of these
problems. This work brings out the pitfalls in the use of interpolating gauges in a learer fous.
1 Introdution
*****************************************
The standard model [1℄ is a non-abelian gauge theory possessing a nonabelian gauge-invariane. The on-
sequenes of the gauge-invariane have been formulated as the WT-identities [2, 3℄ and are very important to
the disussion of renormalization and unitarity of the gauge theories[4, 1℄. At the pratial as well as formal
level, they are important in the disussion of gauge-independene of observables. While the WT-identities in
their usual form that is relevant to the disussion of renormalizability ( i.e. struture of ounterterms et.) are
formulated via the usual (onstant) BRS transformation, the form of the WT-identities relevant to the disussion
of gauge-independene is formulated by onsidering a eld-dependent gauge transformation[3℄ or its equivalent
in the BRS formulation [These have been alled IFBRS (Innitesimal Field-dependent BRS) transformations[5℄℄.
Reently, we found [5℄ reason to be autious about the use of these eld dependent transformations as they are
(lose to) singular and have to be treated very arefully. We had found, (and also given its justiation), that
while suh a proedure that uses these IFBRS transformations does not seem to lead to any obvious trouble within
the lass of the Lorentz-type gauges, it does indeed spell an unexpeted trouble for a lass of interpolating gauges
interpolating between the Lorentz and the Coulomb gauge . We had found that in view of the singular nature
of the transformation involved, a areful treatment of the path-integral inluding a orret ǫ-term throughout was
imperative and we had further found that quite unexpeted results follow from this treatment. These results are
∗
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further summarized in Se. 2. (We expet this phenomenon to be of a sope more general than the ontext in
whih it was analyzed). One of the purposes of this work is to analyse these results in detail to shed new light.
We shall now elaborate on the importane and sope of the subjet matter disussed in this work. Calulations
in the standard model, a non-abelian gauge theory, have been done in a variety of gauges depending on the ease
and onveniene of alulations [6, 7, 19℄. Many dierent gauges have also been used in formal treatments in
dierent ontexts. For example axial gauges have been used in the treatment of Chern-Simon theory, planar gauges
in the perturbative QCD, radial gauges in QCD sum-rules and Coulomb gauges in the onnement problem in
QCD [9℄. Superstring theories also use to advantage both the ovariant and the light-one treatments [10℄. One
of the important questions, far from obvious, has been whether the results for physial observables are, in fat,
independent of the hoie of the gauge used in alulations. While it has naively been assumed that this must do
so, it is quite another matter to atually prove the gauge independene of observables in general
1
. A good deal
of literature has been devoted to this question [9℄ diretly or indiretly.
The approah of interpolating gauges has been used to give a denition of gauges other than the Lorentz
gauges [14, 9℄. It has also been employed in formal arguments that attempt to show the gauge-independene of
observables in gauges so onneted to, say, the Lorentz gauges[14, 11℄. The basi idea behind interpolating gauges
is to formulate the gauge theory in a gauge for whih the gauge funtion F [A(x);α] depends on one or more
parameters α in suh a manner that for dierent values of the parameters we reover gauge theories in dierent
gauges. For example, the gauge funtion F [A(x); θ] used by Doust [12℄ to onnet the Coulomb and the Feynman
gauge is given by
F [A, θ] = [θ∂0A0 − 1
θ
∂iAi] (1)
where for θ=1, we reover the Feynman gauge and for θ→ 0, we reover the Coulomb gauge. Similarly, one ould
interpolate between the axial and the Lorentz type gauges by a gauge funtion suh as
F [A, κ, λ] =
1√
λ
[(1− κ)∂µAµ + κη.A] (2)
where for κ=0, we reover a Lorentz-type gauge and for κ=1, we reover the axial gauge in the λ→ 0 limit. Suh
interpolating gauges have been employed in attempts to prove independene of observables on the hoie of the
gauge. The arguments in suh proofs proeed along the same lines as those that prove the gauge independene
of physial observables under, say, a variation of the gauge parameter in the Lorentz type gauges. It is here that
we wish to rst introdue a note of aution that while suh proedures may work within the lass of Lorentz
gauges, the results of [5℄ indiate that this may not be true for interpolating gauges from one lass to another
as elaborated below. [ The problem of denition of gauges other than the Lorentz has in fat another solution
that proeeds via a areful way to link various pairs of gauges. This has already been introdued [15℄ and results
evaluated from these [16℄ for various nonovariant gauges℄.
In ref. [5℄, we had established several new observations regarding the interpolating gauges. These observations
apply to the type of the interpolating gauges suh as those given by (1) [and possibly also to a large lass of
similar interpolating gauges℄ but they do not aet the results while dealing with the usual lass of Lorentz-type
gauges (in an unbroken theory at least). These observations pertain to the role of the ǫ-term in the path-integrals
for suh interpolating gauges. They are:
(i) While disussing the gauge variation, (e.g. varying θ in (1)), the variation of the ǫ-term must be taken into
aount, if the gauge-independene of the expetation value of a gauge-invariant operator is to be at all preserved.
(ii) When this variation of the ǫ-term under θ → θ+δθ is taken into aount, the net eet on the propagator is
NOT an innitesimal one; but a drasti one if
δθ
ε
is suiently large
2
. These observations were further employed
to imply that an interpolating gauge as in (1) with any simple ǫ-term annot interpolate gauge-invariantly between
two gauges.
While the above observations in [5℄ ould be interpreted only in a negative light regarding the viability of
using the interpolating gauges, the study of interpolating gauges in [5℄ also raises several unusual questions of
a general nature about the derivation and the usage of the WT-identities in the gauge theories espeially when
1
As the path-integral in Lorentz-type gauges are well-dened, a little thought will show that in the path-integral framework this
is really a question of whether and how path-integrals in other sets of gauges an be dened in a manner onsistent with the Lorentz
gauges.
2
We note that
δθ
ε
is a dimensionful quantity; so the exat meaning of this qualitative haraterrization involves other kinematial
quantities[5℄.
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they onern the variation of Green's funtions with a gauge parameter. It is believed that these questions have
enough signiane by themselves; independent of the ontext they arose from and ould have appliations in
gauge eld theory in general. This artile brings out these questions into a learer fous by a further study of
the example in [5℄. When we write down the WT-identities, we do not normally take aount of the variation
of the ǫ-term in the path-integral. The results of Ref. [5℄ lead one to strongly suspet that this proedure to
be a simpliation valid (probably) only for the lass of the ovariant Lorentz gauges. While dealing with the
θ-variation of the Green's funtions in gauges suh as those in Eq. (1), we nd that we annot drop the eet of
the ǫ-term. Further, even if we were to take into aount the eet of the θ-variation [θ → θ + δθ℄ of the ǫ-term
, observation (ii) above suggests that we annot possibly regard the eet as innitesimal if
δθ
ε
is suiently
3
large [5℄.
These results point out to the fat that an innitesimal variation in θ [viz. θ → θ+δθ℄, may sometimes produe
an out of proportion eet in Green's funtions in suh formulations. (In other words, the Green's funtions
may not be dierentiable at some points). In suh ases the WT-identities derived by treating all variations as
innitesimal and, in partiular, ignoring the variation of the ǫ-term may not always be the orret proedure.
In view of these observations in [5℄, we undertook to analyse the example in [5℄ in more details so that any
unusual features of the gauge theories in suh gauges stand out. A lose look at the analysis makes one believe
that the sope of the observations made here and in [5℄ may be muh more wide than the spei ontext in whih
it was analysed.
In this work, therefore, we analyse in a greater detail some relevant simple examples where there is reason
to suspet new features not addressed to so far. Using these, we aim to address the question of the usage of
WT-identities in the disussion of the gauge-dependene of Green's funtions and observables in the interpolating
gauges.
In view of the unusualness of onlusions arrived at, we nd it desirable to analyze the issues in a ne detail
so that there are no obvious loopholes. We shall therefore rst analyze a simple example by stages.
One of the essential points in [5℄ was that as θ → θ+ δθ, the variation in the ǫ-term, even though innitesimal
of O[εδθ] formally, an in fat lead to a hange in the propagator of muh more signiant kind. This arose
essentially from the fat that the eet of this term in some kinematial region blows up. In this work, we want
to analyze, in some greater detail, eets of these kinds and further orrelate these to the results of Ref. [5℄ and
the expetations raised by it.
We now state the plan of the paper. In setion 2, we shall introdue the notations and summarize the
onlusions of Ref. [5℄. In setion 3, we shall pinpoint the potential soures of trouble possibly requiring aution.
We analyze it from the point of view of the validity of the Taylor expansion of a propagator suh as
D00 =
1
θ2k20 − |k|2 + iε
(3)
around θ = θ0 and the problems that it an lead to for a k for whih θ
2
0k
2
0 − |k|2 ≈ 0. We suspet two kinds of
troubles: (i) One with dierentiability in θ as ǫ→ 0. (ii) Seond with order of the dierentiation ∂
∂θ
and the limit
ǫ→ 0.
In setion 4, we onsider for illustration purposes, a simple model (nonovariant φ4- theory) where suh a
phenomenon an be analyzed in detail. We, in fat, onrm the suspiions raised in the Se 3. In setion 5, we
onsider the various orders of limits/ dierentiations ourring in the denition of gauge-variation of S-matrix and
Green's funtions. We analyze the proedure normally used in this onnetion keeping in mind for ontrast the
observations made in the setion 4. Here, we point out that there are several deliate situations in the derivation
of WT identities and the disussion of gauge dependene. These are the situations where (i) Order of limit
ǫ → 0 and dierentiation with θ, (ii) Expansion of an exponential with an "innitesimal" appearing exponent
(iii) Keeping trak of the ǫ-term and its eets et may have to be treated with are.
In setion 6, we address to the question of the θ-dependene of S-matrix elements and Green's funtions in the
interpolating gauge of Eq. (1). We fous our attention on a partiular ontribution to a simple 1-loop diagram.
We show that there exists a value of θ ∈ (0, 1) where this ontribution is not dierentiable . What is worse, is that
we nd that the limits ǫ → 0 and the dierentiation do not ommute at this point. In fat the right derivative
∂
∂θ
‖
θ
+
0
in fat goes to innity. Thus, it is generally not orret to assume that an innitesimal variation in θ will
produe an innitesimal variation in the path-integral as is done in the derivation of a WT-identity. The simple
3
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example dealt with here will also enable us to see that suh situations will also exist in more ompliated loop
diagrams. In setion 7, we extend the above argument to a lass of o-shell Green's funtions.
In Setion 8, we shall analyse the results of setion 6 in a diret manner. One of the suspiions one may
have had is that one should not have the problems enumerated above beause one ould have formulated the eld
theory in Eulidean spae to begin with ; thus avoiding any neessity of an ǫ-term. The analysis of this setion will
help us understand why this proedure annot rid us of the problems. Here, we nd how the non-dierentiability
in θ is onneted to the presene of a branh-point in the omplex s′-plane (here, s′ = θ2p20−|p|2, see setion 4 for
more on its denition). We also nd out as to why these problem annot be avoided in the Eulidean formulation
as they will pop up while arrying out the analyti ontinuation from the Eulidean formulation.
In setion 9, we derive a result whih makes a ontat between the result in [5℄ and the result in setion 6 of
this work. In setion 10, we shall examine the proedure we normally follow in the derivation of the WT-identities.
We point out, with reasons, the plaes that require a areful treatment. In setion 11, we add several omments.
We omment on the extension of the result about non-dierentiability of the path-integral. We also omment
on the use of wavepkets for external lines. In appendix A, we shall present a simple example of an o-shell
Green's funtion where we expliitly onrm a nondierentiable behavior in θ. In setion 12, we summarise our
onlusions.
This work brings out some of the pitfalls one has to fae while formulating a gauge-invariant eld theory using
interpolating gauges.
As a nal omment, we note that despite the unusual nature of onlusions, this work does not require more
than a usual knowledge of Quantum Field Theory and algebra.
2 Summary of some results and Notations
In this setion, we shall summarize some results from the past works of referenes [12℄ and [5℄ that are needed for
our purpose. In the proess, we shall also introdue our notations.
In this work, we propose to disuss, in the path integral framework, some diulties enountered in the use
of the interpolating gauges that interpolate between pairs of gauges. Interpolating gauges are introdued by
onsidering gauge funtionals that depend on one or more parameters. We shall, therefore, onsider the Faddeev-
Popov eetive ation [FPEA℄ with a loal gauge funtion F [A(x);α] whih may depend on several parameters,
olletively denoted by α . We denote this FPEA by Seff [A, c, c;α] whih is given by
Seff [A, c, c;α] = S0[A] + Sgf [A;α] + Sgh[A, c, c;α] (4)
with
Sgf [A;α] = −1
2
∫
d4xF [A,α]2 (5)
and
4
Sgh = −
∫
d4xd4ycα(x)Mαβ [x, y;A;α]cβ(y) (6)
with ∫
d4yMαβ[x, y;A;α]cβ(y) =
∫
d4y
δFα[A(x);α]
δAγµ(y)
Dγβµ [A(y)]c
β(y) (7)
and
Dαβµ [A] = δ
αβ∂µ + g f
αβγAγµ (8)
Here, fαβγ are the antisymmetri struture onstants of a semi-simple gauge group.
Seff [A, c, c;α] is invariant under the BRS transformations :
δAαµ(x) = D
αβ
µ [A(x)]c
β(x)δΛ
δcα(x) = − 12gfαβγcβ(x)cγ(x) δΛ
δcα(x) = F [A(x);α]δΛ (9)
4
The ghost ation is always arbitrary upto a onstant and, in partiular, an overall sign. The following is a onvention we make.
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In this work, we shall, in partiular, utilize the example of the interpolating gauge used by Doust to interpolate
between the Feynman and the Coulomb gauge. This example proves to be simple enough and yet bring out several
problems assoiated with these tehniques, some of whih were demonstrated in [5℄. It has (as a speial ase of
his)
F [A, θ] = [θ∂0A0 − 1
θ
∂iAi] (10)
We shall now summarize the results of [5℄. In this work we onsidered the interpolating gauges, as for example
those with an F given by (10), together with a onventional ǫ-term viz.
− iε
∫
d4x[
1
2
AµA
µ − cc] (11)
[or a suitable modiation that does not hange signs of terms in (11)℄ and disussed whether suh a formulation
an really interpolate in a gauge-invariant way. For this purpose, we onsidered the vauum expetation value of
a gauge invariant operator O[A]:
< O[A] >=
<< O[A] >>
<< 1 >>
(12)
with
<< O[A] >>|
α0
=
∫
Dφ O[A] exp{iS0[A]− i
2
∫
d4xF [A(x), α0]
2 +
iSgh[A, c, c;α0] +
∫
d4xε[
1
2
A2 − cc]} (13)
We then onsidered the question as to whether the above expression will neessarily imply the independene of the
expetation value with the parameter α. To see if this is so, we onsidered a eld transformation of a innitesimal
eld-dependent BRS [IFBRS℄-type (see e.g.[5℄; these are also spelt out in setion 10) that leads to
<< O[A] >>|
α0
=
∫
Dφ O[A] exp{iS0[A]− i
2
∫
d4xF [A(x), α0 − δα]2 +
iSgh[A, c, c;α0 − δα] +
∫
d4xε[
1
2
A2 − cc] + εδR} (14)
We now note that the right hand side has an eetive ation evaluated at the parameter α0− δα; but at the same
time the ǫ-term has now hanged it to∫
d4xε[
1
2
A2 − cc] =⇒
∫
d4xε[
1
2
A2 − cc] + εδR (15)
with
δR = −εi
∫
d4zc
∂F
∂α
|
α0
∫
d4x[∂.A− F [A,α]c]δα (16)
The eet of this term on the free propagator was then onsidered in the ontext of the gauges of (10) and next
it was found that this term, rather than having an innitesimal eet on the propagator, in fat alters ompletely
the pole struture of the propagator for δα >> ε5. We then onluded that the small variation in ǫ-term with θ
has a atastrophi eet: it the gauge boson propagator struture from the ausal one to a mixed one even for a
small hange δθ. We further demonstrated that there was no modiation of the ǫ-term that would allow us an
esape in this gauge. We however found no suh eet from the ǫ-term for the set of Lorentz gauges as the gauge
parameter λ is varied: the pole struture of the propagator does not alter by suh a term. This was veried for
the unbroken gauge theory.
5
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3 Need for Caution in Field Theory Path-integrals
3.1 The origin of need for aution
The path-integrals as used in perturbative quantum eld theory are perturbations over innite dimensional
Gaussian integrals. To begin with let us onsider a simple one-variable Gaussian integral:∫
dx exp{iax2 − εx2} (17)
with 'a' real whih, for ǫ> 0, as we know is
1√
−iπ(a− iε) (18)
For ǫ suiently small, we an expand this as
1√−iπa (1 +
iε
2a
) (19)
whih holds provided ǫ < a and may even ignore the ǫ-term in (19). We normally take for granted suh approxi-
mations. In eld theory, we may ome upon situations where a may be very small ompared to ǫ (or may even
vanish) and there an approximation of this kind may break down
6
. Moreover, there are situations where there
may be no esape.
3.2 A Field Theory Example
Just to illustrate the above point in the ontext of a simple eld theory rst, in a somewhat exaggerated fashion,
we begin with a trivial observation in the ontext of the λφ4 -theory in the path-integral formulation. We onsider
the generating funtional Wc[J ] for the Green's funtions in the Minkowski spae:
Wc[J ] =
∫
Dφ exp{iS0[φ]− ε
∫
d4xφ2/2} (20)
where the sux '' stands for the fat thatWc[J ] generates the ausal Green's funtions as ensured by the orret
ǫ-term. We may re-express:
Wc[J ] =
∫
Dφ exp{iS0[φ] + ε
∫
d4xφ2/2− 2ε
∫
d4xφ2/2} (21)
We may, then, believe that the exponential exp{−ε ∫ d4xφ2} an be expanded in powers of the small exponent
{−ε ∫ d4xφ2}7.
Wc[J ] =
∫
Dφ exp{iS0[φ] + ε
∫
d4xφ2/2}[1− ε
∫
d4xφ2 + .....] (22)
≡ Wa.c.[J ]−
∫
Dφ exp{iS0[φ] + ε
∫
d4xφ2/2}ε
∫
d4xφ2 + ...] (23)
where the sux a.. refers to anti-ausal
8
Green's funtions.
To see if suh a proedure is always a valid one, we onsider the above relation in the tree approximation
where everything is expeted to be well-dened. We may then naively expet the seond and higher terms in (23)
to vanish as ǫ→0. We would then obtain an absurd onlusion
lim
ε→ 0 Wc[J ] =
lim
ε→ 0 Wa.c.[J ] (24)
6
At this point, it may be argued that a eld theory an be formulated in the Eulidean spae where no epsilon term is requied.
We shall disuss this question in setion 8 in further details.
7
Here, we ignore the possible subtleties that ould be introdued by ultraviolet divergenes. We ould for example stik to tree
level.
8
We shall refer to the Green's funtions with ǫ→ −ε as the anti-ausal Green's funtions.
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The above relation, in partiular, implies for the propagator
Dc(x − y) = Dac(x− y) (25)
whih is inorret sine, for example, for x0 > y0, the former propagates +ve frequeny modes and the latter the
negative frequeny modes.
The above example brings out the fat that suh an exponential, with an exponent small in appearane,
may not always be amenable to an expansion. This happens, essentially beause, the quadrati form in the path
integral goes over eld ongurations for whih the main term may in fat be small ompared to the small
term; a situation very similar to Eq. (19) being used under the wrong onditions a < ε.
To loate the mathematial error in the above argument in an alternate manner, onsider the 2-point funtion
in the tree approximation generated by Wc[J ] of Eq. (23). In momentum spae, it reads,
1
k2 −m2 + iε =
1
k2 −m2 − iε+ 2iε
=
1
k2 −m2 − iε +
−2iε
k2 −m2 − iε
1
k2 −m2 − iε + ...... (26)
The equation (23) in the present ontext orresponds to this expansion. We immediately reognize that the above
Taylor expansion holds only if |2iε| < |k2 −m2 − iε|. Thus, the above proedure is not valid for a 4-dimensional
volume in the k−spae ∼ ǫ× R3.
Now the pertinent question is whether there is any plae in eld theoreti alulations where suh approxi-
mations are atually made and whether there are ases where suh points of mathematial rigor have to be paid
attention to.
We shall show, in setion 6, that while onsidering the gauge-parameter variation of Green's funtions in the
interpolating gauges, we may have to pay speial attention to this point. There, we shall point out examples
where an innitesimal hange in a parameter leads to a disproportionate hange in a Green's funtion. In setion
10, we shall also disuss the role of ǫ-terms (εR) in the WT-identities. We had emphasized in Ref. [5℄ that suh
terms may have to be paid speial attention to and we may not ignore eets arising from them when a gauge
parameter is varied [ǫR → ε(R + δR)℄. The eet was, in fat, suh as to alter the boundary ondition on the
propagator. We shall nd that we may not be able to treat the exponents of a term of (ǫR) as amenable to
expansion.
We know several ases where the propagator denominators depend on a parameter. For example, the gauge
propagator in the R
ξ−gauges [13℄ has the form:
Dµν =
gµν − kµkν
k2−M2
ξ
+iε
(1− 1
ξ
)
k2 −M2 + iε (27)
and the assoiated ghost and the unphysial salar elds have a similar ξ-dependene in the denominator. Similarly
[a form of℄ an interpolating gauge that interpolates between the Coulomb and the Feynman gauge used by Doust
[12℄ has the propagator for (0,0) omponent
D00 =
1
θ2k20 − |k|2 + iε
(28)
with a similar dependene in the spatial omponents. It is expeted that the various other interpolating shemes
[14, 17℄ will also have propagator denominators depending on interpolating parameters in suh sensitive a manner.
A typial Feynman diagram, in the ontext of the above example (28), depends on θ through suh propagators.
While onsidering the parameter variation of a Feynman diagram with the gauge parameter θ, we are in eet
expanding eah propagator in a Taylor series around θ0 in a series suh as
D00 =
1
θ2k20 − |k|2 + iε
(29)
=
1
θ20k
2
0 − |k|2 + iε
+
1
θ20k
2
0 − |k|2 + iε
• −2θ0δθk
2
0
θ20k
2
0 − |k|2 + iε
+ ...... (30)
7
and piking the seond term on the right side to ompute the θ- variation. We, however, note that this Taylor
series is valid only if
| −2θ0δθk
2
0
θ20k
2
0 − |k|2 + iε
| < 1 (31)
We, thus, note several points:
[a℄ We have to be areful while using the above Taylor series (or a proedure equivalent to it) in formal
manipulations sine it may not always hold for arbitrary δθ;
[b℄ For δθ suiently large [with some small xed ǫ℄ , the above ondition (31) is not valid for a 4-dimensional
volume ∼ δθ X R3 in the k-spae.
[℄ For a xed ǫ > 0, and a nite k0 , there is a nonzero range of δθ for whih the above ondition is neessarily
fullled. Nonetheless, this range → 0 , as ǫ→ 0. Reall that to evaluate the S-matrix elements, we always take
the limit ǫ→ 0.
[d℄ We note in passing that in the 4-dimensional subspae: θ2
0
k20-|k|
2≃0, the above ratio in Eq. (31) is ∼ δθ
ε
.
And this is preisely the parameter on whih an unexpeted dependene was found [5℄ in the disussion of the
gauge variation of a path-integral in this sort of an interpolating gauge. We also note that for suh a k, the radius
of onvergene of the series (30) is ∼ δθ
ε
. This is a simple and lear illustration of how the two independent small
parameters δθ and ǫ beome entangled!
[e℄ The naive expetation that ǫ is just a spetator in the entire disussions of WT-identities and of gauge-
independene in gauge eld theories and it need not be paid speial attention to does not always seem valid.
Aording to the results of [5℄, this is the ase, probably only for the lass of the Lorentz gauges.
[f℄ The point [℄ above suggests the possibility that there ould arise a diulty in the denition of a derivative
with respet to θ in loop integrals as ǫ→ 0 and that the behavior of loop integrals ould possibly depend on the
orders of
d
dθ
and the limits ǫ→0. We shall onrm these suspiions in Setions 4 and 6.
At this point, one may wonder whether working with a Wik-rotated Eulidean eld theory will not rid us of
all suh problems as then ǫ would be redundant. We shall larify this point in the Setion 8. It turns out that
this is not always possible.
4 Diret analysis of nondierentiability of a generating funtional
The purpose of this setion is to make lear, in a diret fashion, the diulty in dening the partial derivative
of a generating funtional [see e.g. eq. (33) below℄ with respet a parameter α, on whih it depends, when
the dependene on α is suh that a propagator denominator depends sensitively on it in some domain in the
momentum spae. As expeted from the previous setion, this happens when the propagator singularities depend
on α.
We shall nd it useful to illustrate the point by onsidering an artiial but a simple model that aptures,
in a diret manner, the essential point made in the previous setion. Rather than get into ompliations of a
generating funtional of a gauge theory in the beginning itself, we shall onsider a salar eld theory with a
spei (but nonovariant) kineti energy term. The generating funtional of Green's funtions is given by
W [J, α] =
lim
ε→ 0 W [J, α, ε] (32)
=
lim
ε→ 0
∫
Dφ exp{i ∫ d4x[ 12φ(α∂20 −∇2 −m2 + iε)φ+ λ4φ4] + i ∫ d4xJφ}; α > 0 (33)
We thus note that to ompute
∂W [J,α]
∂α
, we must rst evaluate
lim
ε→ 0 {W [J, α+ δα, ε]−W [J, α, ε]} (34)
whih requires the evaluation of
lim
ε→ 0
∫
Dφ exp{i
∫
d4x[
1
2
φ(α∂20 −∇2 −m2 + iε)φ+
λ
4
φ4] + i
∫
d4xJφ} •
(
exp[iδα
∫
d4xφ∂20φ]− 1
)
(35)
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We wish to pose the following question: an one, for any small enough δα, and irrespetive of ǫ, expand the
exponential, within the path integral, as
exp[iδα
∫
d4xφ∂20φ] ≈ 1 +O[δα] (36)
To see this, we rst onsider the bare two point funtion of the expression (35), in the momentum spae:
1
(α + δα)k20 − |k|2 −m2 + iε
− 1
αk20 − |k|2 −m2 + iε
(37)
We note that we an generally Taylor expand the rst term as
1
αk20 − |k|2 −m2 + iε
+
1
αk20 − |k|2 −m2 + iε
• −δαk
2
0
αk20 − |k|2 −m2 + iε
+ ...... (38)
provided |αk20 − |k|2 − m2 + iε| > |δαk20 |. We now reall the disussion in the previous setion and note that,
evidently, the magnitude of ǫ omes into play in being able to arry out the expansion when k is suh that
αk20 − |k|2 −m2 ≃ 0!
Now, the fat that the Taylor expansion of (38) fails as ǫ→ 0 in a subspae does seem to have an eet in a
one-loop diagram. To illustrate this eet, we wish to onsider an s−hannel9 diagram for the proess φφ → φφ
in the one loop approximation. This proess involves the integral
10
I(p,m, α, ε) = i
∫
d4k
(αk20 − |k|2 −m2 + iε)[α(k + p)20 − |k+ p|2 −m2 + iε]
(39)
We shall nd it onvenient to relate this to the sh diagram in the usual ovariant φ4-theory [18℄. We dene,
p′µ = (
√
αp0,p); k
′
µ = (
√
αk0,k) (40)
so that, we have
I(p,m, α, ε) =
1√
α
F (p′,m, ε) (41)
where F stands for the sh diagram amplitude in the φ4-theory:
F (p,m, ε) = i
∫
d4k
(k20 − |k|2 −m2 + iε)[(k + p)20 − |k+ p|2 −m2 + iε]
(42)
Now, we know how this is evaluated and know the analyti properties of the amplitude as seen from any
text-book [18℄ .
We dene s = p2 and s′ = p′2. F an be looked upon as a funtion of a omplex variable s = p2. The analyti
properties of F (p,m, ε) on the real-s axis depend on whether s > 4m2 or s < 4m2. Thus, the analyti properties
of I(p,m, α, ε) will depend on whether s′ = αp20− |p|2 > 4m2 or s′ < 4m2. For s′ < 4m2, we an perform a Wik
rotation and evaluate the integral, by say, a uto method
11
. The result is [ here, A is a real onstant℄:
I(p,m, α, ε) = 1√
α
A
∫ 1
0
dx ln [m
2−x(1−x)s′−iε]
Λ2 (43)
= 1√
α
A
∫ 1
0 dx ln
[m2−x(1−x)(αp20−|p|2)−iε]
Λ2 (44)
Now for ℜe s′ < 4m2, this quantity is analyti, and it has a branh-ut from s′ = 4m2 along the real s′ axis
[atually, slightly below the real axis℄. We, now, will drop the real term ∼ ln Λ2 and fous attention on the nite
part
A√
α
I ′(p,m, α, ε). We note that the logarithm has a phase varying from -π to π . We then have,
I ′(p,m, α, ε) =
∫ 1
0
dx
1
2
ln{[m2 − x(1 − x)(αp20 − |p|2)]2 + ε2}
+
∫ 1
0
dx[−πi + i arctan{ ε
x(1− x)(αp20 − |p|2)−m2
}] (45)
9
We shall be interested later in the imaginary part of the amplitude. Only the s-hannel diagram an have this imaginary part
for the physial amplitude.
10
This work involves nonovariant formulations. Thus several results will neessarily be expliitly Lorentz frame dependent.
11
Later, we shall be foussing on the imaginary part, whih is nite.Hene the details of regularization does not matter.
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Here, we have hosen the range of arctan as [0,π) for our onveniene. [Note that this denition diers from the
prinipal branh arctan℄. We note, in partiular that
lim
ε→ 0 ImI
′(p,m, α, ε) =
∫ 1
0
dx{−πiΘ[B]} = −πi∆x (46)
with Θ[B℄ as the step funtion and
B = x(1 − x)(αp20 − |p|2)−m2 = x(1− x)s′ −m2 (47)
and ∆x is the interval over whih B > 0. Now, for the s-hannel proess φφ→ φφ, we evaluate the expression of
(35) in the one loop approximation. We, then, have for the dierene,
Im
{
lim
ε→ 0 I
′(α + δα, p,m, ε)− lim
ε→ 0 I
′(α, p,m, ε)
}
= Im
{
Πi(p
2
i −m2i )FT
δ4
δJ4
lim
ε→ 0 << exp[iδα
∫
d4xφ∂20φ]− 1 >>|J=0
}
(48)
where,
δ4
δJ4
is a brief way to express the at of extrating the 4-point funtion, FT stands for the Fourier transform.
We now hoose α=α0 suh that s
′ = 4m2and hoose a (α0 + δα) suh that s′ > 4m2. We now take the imaginary
part of both sides. We note:
(i) I'(α0+δα) has a nonzero imaginary part as ǫ→0.
(ii)I'(α−0 ) has no imaginary part as ǫ→0. Here, α−0 stands for the limit from left α → α0. This is so sine B
of (47) is neessarily negative for α < α0.
(iii)The dierene of the imaginary parts is not proportional to δα; a simple alulation shows that for small
δα, it is proportional to
√
δα. To see this, we note that with α = α0 + δα, s
′ = 4m2 + δαp20 ; and for x ∼ 12
B = −4m2(x− 12 )2+x(1−x)δαp20 ≃ −4m2(∆x)2+ 14δαp20 and thus, B > 0 over a range if x, viz. 2∆x ∼
√
δα.
(iv) On aount of (iii), the dierene of the imaginary parts annot be understood as
ImΠi(p
2
i −m2i )FT
δ4
δJ4
lim
ε→ 0 << [iδα
∫
d4xφ∂20φ] >>|J=0 (49)
whih is proportional to δα.
(v)In fat, a simple analysis will reveal that
Πi(p
2
i −m2i )FT
δ4
δJ4
lim
ε→ 0 << [iδα
∫
d4xφ∂20φ] >>|
J=0;α→α
−
0
(50)
does not have an imaginary part. This is seen as follows: The expression (50) is understood as being proportional
to δα ∂
∂α
lim
ε→ 0 I(p,m, α, ε) |α−
0
whih is real.
(vi) We further note that as a result of (iii),
∂
∂α
lim
ε→ 0 I
′(α, p,m, ε)
is ill-dened at this value of α. We shall disuss this in muh more detail in setion 6 where we will employ
disussion arried out in this setion in the ontext of a gauge eld theory 1-loop alulation.
Finally, we add a omment on whether we ould avoid suh problems if we do the eld theory keeping ǫ small
but nonzero. We then note that derivative of I with α will exist, and so will the Taylor series of I around α = α0.
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But now the derivative will be a very large number → ∞ as ǫ → 0; and the radius of onvergene of the Taylor
expansion will be very small.So we may not alulate, by a Taylor expansion, the value of I(α0 + δα) from that
for I(α0) if δα >> ε . Moreover, we should note that the limit ǫ→ 0 is required for a physial (unitary) theory
beause even in a λφ4-theory with L′ = L+ iεφ2, a Hermitian Hamiltonian ( and a unitary S-matrix) is obtained
only as ǫ→ 0.
We also note the reason we onsider this question at all. In a gauge eld theory, we derive the WT-identity
for gauge variation, we need to onrm whether suh variations will be innitesimal of rst order always.We shall
nd that this is not always so in the interpolating gauges and we nd some unexpeted results from it in setions
9-10.
5 Deliate limits in the disussion of gauge-independene
In the previous setions, we noted plaes in Quantum eld theory alulations where are may me needed. We
wish now to note down the proedure that we normally follow for establishing the WT-identity used in evaluating
gauge variation of Green's funtions. We do this with a view to see if any of the steps ould fail in gauges suh
those under onsideration. We shall then disuss several points regarding the derivation in Setions 6-11.
We onsider the generating funtional of the unrenormalized onneted Green's funtions Z[J, θ, ε]. We obtain
the (renormalized) S-matrix elements from it by the operation Θ: dened as a suession of the following:
S(pi, θ) = ΘZ[J, θ, ε] ≡ limε→ 0 S(pi, θ, ε) (51)
Θ ≡ lim
ε→ 0
lim
p2i → m2i − iε
Πi(p
2
i −m2i + iε)
φi(pi)√
Zi
F.T.[
δn
δJn(x)
] (52)
where the nth order funtional derivative ating on Z[J, θ, ε] at J = 0 is written as [ δ
n
δJn(x) ] for brevity; F.T. stands
for the Fourier transform; Zi(θ)'s stand for the mass-shell renormalization onstants and φi(pi) is the physial
wavefuntion
12
. The gauge independene of S(pi, θ, ε) is expressed by the requirement
∂
∂θ
S(pi, θ) =
∂
∂θ
lim
ε→ 0 S(pi, θ, ε) = 0 (53)
It is to be partiularly noted that the order of the limit (ǫ→ 0) and dierentiation ∂
∂θ
is as follows:
∂
∂θ
lim
ε→ 0
We shall, now, reapitulate how one atually obtains the gauge-dependene of the on-shell physial Green's
funtions in pratie:
(a)We start from Z[J, θ, ε] and evaluate ∂
∂θ
Z[J, θ, ε] for a xed ǫ.
(b)We then use the WT identities to simplify the quantity under question [3℄.
()We nd the part of this that ontributes to the on-shell physial Green's funtions. In other words, we
evaluate
Θ
∂
∂θ
Z[J, θ, ε] =
lim
ε→ 0
lim
p2i → m2i − iε
Πi(p
2
i −m2i + iε)
∂
∂θ
φi(pi)√
Zi
F.T.[
δn
δJn(x)
]Z[J, θ, ε] (54)
We wish to note several points in the above derivation:
[1℄ We rst assume that the limit ǫ→0 and the dierentiation ∂
∂θ
an be interhanged.
[2℄ We evaluate then
∂W [J,θ,ε]
∂θ
by
12
We note the somewhat unonventional appearane of trunation fator (p2
i
−m2
i
+ iε) and the on-shell limit p2
i
→ m2
i
− iε. Before
we let ε→ 0, we have to do this to orretly trunate the external line propagators. Also, in the disussion of gauge-independene, we
need to remove any pole-less ontributions to the
∂
∂θ
G; and these are then orretly removed by the above on-shell limit p2
i
→ m2
i
−iε.
The parameter ǫ is let go to zero only in the end.
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∂W [J, θ, ε]
∂θ
=
∂
∂θ
∫
Dφ exp
(
iSeff [φ, θ] + i
∫
d4xJφ
)
(55)
. In doing so, it is being taitly assumed that this derivative always exists even as ǫ→ 0. We have already seen
a ounter-example
13
in Se.4 and we shall examine this question in Setion 6 further.
[3℄ Equivalently, the derivative is evaluated by the assumption that
∂
∂θ
∫
Dφ exp
(
iSeff [φ, θ] + i
∫
d4xJφ
)
(56)
an be evaluated by expressing it as
i
∫
Dφ
∂
∂θ
Seff [φ, θ] exp
(
iSeff [φ, θ] + i
∫
d4xJφ
)
(57)
In this we make an assumption that∫
Dφ exp
(
iSeff [φ, θ] + i
∫
d4xJφ
)
{exp(iSeff [φ, θ + δθ])− exp(iSeff [φ, θ])} (58)
an always be written as
i
∫
Dφ
∂
∂θ
Seff [φ, θ]δθ exp
(
iSeff [φ, θ] + i
∫
d4xJφ
)
(59)
even as ǫ→ 0. In this onnetion, we draw attention to the example in the setion 4.
[4℄ In writing down the WT-identities, we do not keep trak of the ontribution to it from the ǫ-term. We
reall that reently, we have noted that [5℄ a areful attention to the ǫ-term has to be given in the ase of gauges
other than the Lorentz gauges.
[5℄ We then simplify the resultant expression by the use of the WT-identities. We then pik out the part of
this that ontributes to the trunated physial Green's funtions.
We shall analyze these points in detail in the next setion.
6 An Expliit Example
In this setion, we shall make a number of obervations that have a potential bearing on the derivation of WT
identities for evaluating gauge-dependene of Green's funtions.
We start with the example of the gauge theory in an interpolating gauge of Eq. (10) so dened as to interpolate
between the Feynman and the Coulomb gauge [12℄. For simpliity, we shall rst fous our attention on a partiular
integral
14
that appears in a ontribution to the 4-point funtion (of gluons) in the one loop approximation. It
appears in the one loop diagram with two 4-point verties and 2 A0 internal lines
15
. The integral reads
I(p, θ, ε) = i
∫
d4k
(θ2k20 − |k|2 + iε)[θ2(k + p)20 − |k+ p|2 + iε]
(60)
To orrelate the above integral with with that of Setion 4 [See eq. (39)℄, we shall nd it onvenient to rather
onsider an integral with a mass inluded
16
. We onsider,
I(p,m, θ, ε) = i
∫
d4k
(θ2k20 − |k|2 −m2 + iε)[θ2(k + p)20 − |k+ p|2 −m2 + iε]
(61)
13
At this point, it may be thought that it is not important whether the derivative
dI
dθ
exists at a point θ0; it is only required that∫
dI
dθ
dθ exists over a small interval overing θ0. After all, we may make
dI
dθ
nite by keeping ǫ nite till end (or possibly by using
suitable wavepakets for external lines: see setion 11). But this does not evade the problem in setion 10 about the ontribution of
the ǫ-term. We nd the language of non-dierentiability as the best way to exhibit the problem.
14
It is of ourse true that very often the total amplitude in a gauge theory has properties dierent from a spei piee of it; this
being due to anellations of terms.
15
We are foussing attention on a part of the ontribution due to time-like gluons.
16
We ould regard this as an infrared regularization of the amplitude in question. We shall, however, eventually fous on the
imaginary part of (60) and this is infrared nite here.
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We shall then expliitly demonstrate that, in the physial region, i.e. for p2 > 4m2, there exists a value of θ viz.
θ0∈[0,1℄ suh that at this point
(a) The derivative
∂
∂θ
lim
ε→ 0 I(p,m, θ, ε) does not exist: i.e.
∂
∂θ
lim
ε→ 0 I(p,m, θ, ε) |θ−0 6=
∂
∂θ
lim
ε→ 0 I(p,m, θ, ε) |θ+
0
(62)
(b) What is worse is that the imaginary part of the left hand side vanishes at this point, whereas the imaginary
part of the right hand side → innity. Thus, this quantity has innite disontinuity.
()Moreover, we nd that
lim
ε→ 0
∂
∂θ
I(p,m, θ, ε)− ∂
∂θ
lim
ε→ 0 I(p,m, θ, ε) |θ±0 6= 0
where the rst term on the left hand side is evaluated for the both limits θ →θ±0 .
To see these results, we shall nd it onvenient to make use of the earlier disussion in Setion 3. We nd
from (44)
I(p,m, θ, ε) =
A
θ
∫ 1
0
dx ln
[m2 − x(1 − x)(θ2p20 − |p|2)− iε]
Λ2
(63)
We are presently interested in disussing the evaluation of the θ-derivative and also as to what happens in the
two dierent orders of the limit and the derivative. So we will drop the term ~ ln Λ2 and fous attention on the
nite part
A
θ
I ′(p,m, θ, ε). We note that the logarithm has a phase varying from -π to π for ℜes′ > 4m2. We then
have, using (45),
I ′(p,m, θ, ε) =
∫ 1
0
dx
1
2
ln{[m2 − x(1− x)(θ2p20 − |p|2)]2 + ε2}
+
∫ 1
0
dx[−πi+ i arctan{ ε
x(1− x)(θ2p20 − |p|2)−m2
}] (64)
We shall now fous attention on the imaginary part of I ′. We have,
ImI ′ =
∫ 1
0
dx{−π + arctan ε
B
} (65)
where, as dened in Setion 4,
B(α, θ, p) ≡ [−m2 + x(1 − x)(θ2p20 − |p|2)] = [−m2 + x(1 − x)s′] (66)
Now,
lim
ε→ 0 ImI
′ = −
∫ 1
0
dxπΘ(B) (67)
We, thus, nd
∂
∂θ
lim
ε→ 0 ImI
′ = −π
∫ 1
0
dxδ(B)
∂B
∂θ
(68)
We note
δ(B) = δ(−y2s′ + (1
4
s′ −m2)) = 1|s′|δ(y
2 − a2) (69)
with y = x− 12 ; and
a2 =
s′ − 4m2
4s′
; a ≡ +
√
s′ − 4m2
2
√
s′
(70)
For s′ < 4m2, a2 < 0 and the δ-funtion does not ontribute to the integrand. For s′ > 4m2, we use
δ(y2 − a2) = 1
2a
{δ(y − a) + δ(y + a)} (71)
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and
B = (
1
4
− y2)s′ −m2 (72)
∂B
∂θ
= 2θp20(
1
4
− y2) (73)
to nd
∂
∂θ
ImI ′ = −π
∫ 1
0
dxδ(B)
∂B
∂θ
=
−2πθp20
2as′
∫
dy(
1
4
− y2){δ(y − a) + δ(y + a)} (74)
i.e.
∂
∂θ
lim
ε→ 0 ImI
′ ==
−2πθp20√
s′ − 4m2√s′ (
1
2
− 2a2) (75)
We thus nd that as θ → θ0, where s′[θ0] = 4m2, a→ 0 and
lim
θ → θ+0
∂
∂θ
lim
ε→ 0 ImI
′ →∞ (76)
On the other hand,
lim
θ → θ−0
∂
∂θ
lim
ε→ 0 ImI
′ = 0 (77)
Thus, the imaginary part of I ′ is not dierentiable at θ = θ0.Furthermore, we note that for a given ǫ > 0,{
lim
θ → θ+0
∂
∂θ
ImI ′ − lim
θ → θ−0
∂
∂θ
ImI ′
}
= 0 (78)
with eah given by
lim
θ → θ+0
∂
∂θ
ImI ′ =
lim
θ → θ−0
∂
∂θ
ImI ′ =
∫ 1
0
dx{− ε
B2 + ε2
∂B
∂θ
}‖
θ0
(79)
Thus,
lim
ε→ 0
{
lim
θ → θ+0
∂
∂θ
ImI ′ − lim
θ → θ−0
∂
∂θ
ImI ′
}
= 0 (80)
Finally, we shall give the treatment for m2 = 0 exatly, whih diers somewhat from the above. In this ase,
B of (66) beomes,
B(α, θ, p) ≡ x(1 − x)(θ2p20 − |p|2) = x(1− x)s′ (81)
and thus (67) is modied to,
lim
ε→ 0 ImI
′ = −
∫ 1
0
dxπΘ(s′)
= −πΘ(θ2p20 − |p|2) = −πΘ(θ −
|p|
p0
) (82)
and thus, (75) is modied to (note: we assume 0 ≤ θ ≤ 1),
∂
∂θ
lim
ε→ 0 ImI
′ = −πδ(θ − |p|
p0
) (83)
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7 Extension to a Green's funtion
In view of the fat that we have onsidered only a part of a ontribution to one of the diagrams for the 4-point
funtion, to illustrate the point, one might immediately suspet that the problem ould disappear in the entire
ontribution to the S-matrix element. We note rst that WT-identities for gauge variations are equations written
down for Green's funtions and not just the S-matrix elements. Moreover, what we wish to drive at at the moment
is that the path-integral itself is not a dierentiable funtion of θ as a result of the problems mentioned in the past
setions [ for a further elaboration, please see setion 11.1℄. For this purpose, it proves suient if the problem
with dierentiability persists at least at the level of Green's funtions, even if it were to vanish from S-matrix
elements from possible mutual anellations between diagrams. In this setion, we wish to make several remarks
in this onnetion.
We rst show, in an obvious way, that this problem with dierentiabilty persists for a ontribution to an
o-shell Green's funtion of the type onsidered earlier in setion 6. An inspetion of the diagrams ontributing
to the Green's funtions will then make it seem extremely unlikely that at the level of o-shell Green's funtions
there ould persist a anellation; even if there were one for S-matrix elements. [We have veried this point for
the simpler example outlined in the Appendix A℄.
To see this, we reall that this diagram depends only on s′ = θ2p20 − |p|2 and not on individual 4-momenta
p1,p2and p3. We ould thus hoose any o-shell p1and p2 onsistent with the ondition that s is real with s > 4m
2
and θ0 is suh that s
′ = θ20p
2
0 − |p|2 = 4m2. Then for all suh o-shell hoies of p1and p2, the above problem
with the dierentiability will persist for this ontribution.
In appendix A, we shall onsider the example of a salar QED and onsider the o-shell 1-loop Green's funtion
for the proess φφ→ φφ. We have veried that the imaginary part of suh a proess [with some further restritions
on momenta, spelt out in the appendix℄ does have a disontinuous behaviour on aount of the threshold due to
unphysial photons and moreover the threshold for these does depends on θ. These are the essential ingredients
that lead to non-dierentiabilty.℄
8 A Close Analysis of the Example in Setion 6
In this setion, we shall qualitatively try to understand why the derivative with respet to θ does not exist at
some point and why the order of dierentiation
∂
∂θ
and the limit
lim
ε→ 0 makes a signiant dierene there. We
an understand this with the help of a lose look at the analytiity properties of the integral I ′(p,m, θ, ε) in the
Setion 6. We reall
I ′(p,m, θ, ε) =
∫
dx ln{m2 − x(1 − x)(θ2p20 − |p|2)− iε} (84)
The analytiity properties of the integrand above, for a given p depend upon x and θ. For a real s = p2 < 4m2
and a θ ∈[0,1℄, s′ = p′2 < 4m2 also; and hene for all x ∈[0,1℄ and all θ ∈[0,1℄, the integrand is analyti even
as ε → 0. A small [enough℄ variation of θ will not alter these fats and hene there is no problem ourring in
the order of limits δθ→ 0 and ε → 0 in this unphysial region. (Besides, in the unphysial region, the entire
alulation an be done in the Eulidean eld theory whih would not need ǫ).
We shall, of ourse, be interested in this issue in the physial region s = p2 > 4m2. For a given s > 4m2, there
is a range of θ ∈ [0, 1], suh that there s′ > 4m2 and a range of x ∈ [0, 1] exists for whih the integrand is lose
to the branh-point. Also, for any θ ∈ [0, 1] , s′ > 4m2 for all s greater than a ertain lower bound ( See setion
11 for more details). Thus, this issue of analyti properties annot be avoided for any physial region if one is to
interpolate between the Feynman and the Coulomb gauge.
Next, we note that for a xed p, the variables s′and θ are related: a small variation in θ indues a small
variation in s′ whih is the variable relevant to the analyti properties of the integrand. Thus, for example, we
hoose a value of θ = θ0 suh that s
′
is slightly smaller than 4m2, then for a range of x ε[0, 1] this point is very
lose to the branh-point of the integrand in the omplex s′-plane. Then the Taylor expansion of the integrand
in θ − θ0 is then valid only with a small radius of onvergene that is diretly dependent [proportional℄ to ǫ! In
fat, (84) will show that the entire integral annot be expanded in suh a Taylor series exept for small
17
enough
17
We note that if we took any θ > θ0 , the integrand is lose to the branh-ut for a range of x. It may appear that the integral
should then be problemati for all suh θ and not just for θ = θ0. This is not the ase, at least in this example. We thus end up with
15
(θ − θ0) ∼ ε.
We thus see that the fat that the loop-integrand ould not be Taylor expanded for a large enough (θ− θ0) in
a part of the 4-dimensional spae has, in fat, a reetion on the entire integral. This was antiipated in Setion
3.
The above demonstration now shows why the order of the two limits disussed earlier matters near θ = θ0. If
we were to keep ǫ xed then there is a small enough radius (θ− θ0) for whih the Taylor expansion holds and the
limit (θ − θ0)→ 0 an in fat be taken. This proedure an give ultimately
lim
ε→ 0
∂
∂θ
I(pi, θ, ε)
On the other hand, if we are to let ǫ→ 0 rst, then the radius of onvergene of the Taylor expansion in θ
itself shrinks to zero and we annot know how to obtain
∂
∂θ
lim
ε→ 0 I(pi, θ, ε) by dierentiation of the integrand
and subsequent use of the WT identities. Evaluation of the gauge dependene requires us to evaluate the latter
objet.
We shall now omment on the treatment of the eld theory using the Wik rotation. It may be thought that
the troubles in setion 4 and 6 are artiial beause after all we ould arry out the Wik rotation in (39) and
(60) and thus go to the Eulidean eld theory that does not require ǫ. Thus, it may be argued that the problems
that depend on the limits involving ǫ and those that depend on the size of ǫ should be artiial. Now, the eld
theory of Setion 4 and that used in Setion 6 are in fat well behaved with respet to the operation
∂
∂θ
in the
unphysial region. To see, how the problem ould arise in the physial region, we reall the fat that I ′ is a
funtion of s′ = θ2p20 − |p|2 and it has a branh point at s′ = 4m2. Of ourse, for ℜes′ < 4m2, the funtion is
analyti funtion of s′ and therefore a dierentiable funtion of θ ( with pµ xed). But, as ǫ→0, the derivative
with respet to s′ and hene with respet to θ [for a xed pµ℄ annot exist at the branh point. Thus, the fat
that the generating funtional appears (formally) dierentiable in θ in the Eulidean region is no mystery ; but
by no means guarantees good behavior everywhere in the physial region and that is where we are interested in
the gauge-independene issue.
9 Relation between the altered propagator struture in [5℄ and present
results
In referene [5℄, we had disussed the gauges interpolating between the Coulomb and the Feynman gauge with
a simple ǫ-term. We had noted some unusual features of what happens when the interpolating parameter θ,
in the gauge interpolating between the Coulomb and the Feynman gauge, is varied. We had shown that it
was important to pay partiular attention to the ǫ-term in the disussion of the gauge-independene. We had
onsidered how the ǫ-term should be modied with θ if we are to keep the vauum expetation value of a gauge-
invariant operator unhanged. We had further shown that as a result of this modiation in the ǫ-term, the free
propagator undergoes a radial hange in form as the parameter θ is varied through18 a δθ>> ǫ. We had argued,
in fat, from this observation that suh interpolating gauges that assume any standard (xed) ǫ-term annot
preserve gauge-independene as θ is varied and thus do not interpolate orretly between the Feynman and the
Coulomb gauge; while on the other hand trying to modify the ǫ-term as required for gauge-independene leads
to pathologial behavior in the path-integral.
In this setion, we shall make a ontat between the onrete results obtained in this work in Se. 6 and this
result obtained earlier in [5℄.
We shall establish a simple result to begin with. We shall then relate it to the question of the variation of the
4-point funtion with respet to θ disussed in setion 6. It reads
lim
ε→ 0 I
′(θ, CC) =
lim
ε→ 0 I
′(θ,
1
2
[C +A]
1
2
[C +A])− πi
∫ 1
0
dxΘ[B] (85)
just one troublesome point for this diagram that however varies with Lorentz frame ( for this, see setion 11).
18
The relation between δθ and ǫ given here is a abbreviated way of expressing the ondition between these two quantities of dierent
dimensions. See [5℄ for the exat ondition.
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Here we have dened, in all ases employed below,
I(θ) =
A
θ
I ′ (86)
and further I(θ, 12 [C + A]
1
2 [C + A]) refers to the (trunated) sh-diagram amplitude obtained by taking the
propagator as
1
2 (C+A) in plae of C. Here, C refers to the ausal propagator and A to the anti-ausal propagator
(anti-ausal means the one with iε→ −iε in C ). The above relation, as we shall later see from Eq. (93) , represents
in a dierent manner, the rapid eet of variation with respet to θ (i.e. ∂I
∂θ
|
θ
+
0
→∞ ) whih is represented by a
replaement of the propagator C by 
1
2 (C +A) .
To prove this result, we onsider the sh amplitude I with propagators 12 (C + A). We dene respetively
I(θ, CC), I(θ, CA) as the amplitude in question with both the propagators taken as ausal, and with one ausal
and one anti-ausal . Then
I ′(θ, CA) = I ′(θ, AC) (87)
and
I ′[θ,
1
2
(C +A)
1
2
(C +A)] =
1
4
{I ′[θ, CC] + I ′[θ, AA] + 2I ′[θ, CA]} (88)
We an then show that as ǫ→ 0,
lim
ε→ 0 (I
′[θ, AA]− I ′[θ, CC]) = 2πi
∫ 1
0
dxΘ[B] (89)
lim
ε→ 0 (I
′[θ, CA]− I ′[θ, CC]) = πi
∫ 1
0
dxΘ[B] (90)
The relation (89) is understood easily: as one goes from the I ′[θ, AA] to I ′[θ, CC] by a hange ǫ → −ε and one
piks up the disontinuity aross the branh-ut given by 2πi
∫ 1
0
dxΘ[B]. Thus, we then have as ǫ→ 0,
lim
ε→ 0 I
′[θ,
1
2
(C +A)
1
2
(C +A)] =
lim
ε→ 0 I
′[θ, CC] + πi
∫ 1
0
dxΘ[B] (91)
We shall now apply this to the amplitude of (63). Let θ0 be suh that
s′ = θ20p
2
0 − |p|2 = 4m2
We shall let θ = θ0 + δθ. We shall assume that δθ >> ε. To understand the signiane of the above result of
Eq. (91), in the present ontext, we ompare it with the result that expresses the disontinuous behavior of I at
θ = θ0. It reads,
lim
ε→ 0 I
′(θ, CC) =
lim
ε→ 0 I
′(θ0, CC) − πi
∫ 1
0
dxΘ[B] +O[δθ] (92)
A omparison of Equations (91) and (92) shows that as ǫ→ 0,
lim
ε→ 0 I
′(θ0, CC) =
lim
ε→ 0 I
′[θ,
1
2
(C +A)
1
2
(C +A)] +O[δθ] (93)
The above equation is an alternate way of representing the nonsmooth behavior of I: As θ is varied from θ0 to
θ0+δθ, I varies drastially so that the disproportionate hange in I
′
viz. { lim
ε→ 0 I
′(θ, CC)− lim
ε→ 0 I
′(θ0, CC)}
is alternately expressed as that represented by a drasti hange in the propagator struture from C → 12 [C +A].
Then the two quantities I(θ0, CC) and I[θ,
1
2 (C+A)
1
2 (C+A)], evaluated with dierent propagators for neighboring
θ's, dier only by a term of O[δθ].
This onlusion an be understood well in the light of the work of referene [5℄. There it was found that when
θ → θ + δθ and the orresponding the gauge variation of the ǫ-term is also taken into aount, the propagator
hanged from C → 12 [C + A] provided δθ >> ε. The above onlusion (93) is a reetion of this. Normally, the
WT-identities are taken to imply that under θ → θ + δθ, the orresponding hange in a Green's funtion is an
17
innitesimal of O(δθ). The above example expliitly shows that that need not be so, and the Eq. (93) further
shows that a non-trivial hange in the Green's funtion an be orrelated to the hange in the ǫ-term arrived
at in [5℄. Only after this large hange has been removed, then the residue is of O(δθ). We shall have more
to say about this in the next setion where we will ompare the result (93) with that of the arefully evaluated
WT-identity.
10 Expansion of an exponential with an innitesimal exponent
In this setion, we shall establish a further ontat of the results in the earlier setions with the work of referene
[5℄. In referene [5℄, we had established several new observations in the ontext of the interpolating gauges suh
as those onsidered in earlier setions. The ones relevant here are:
(a) In the treatment of gauge variation, it was neessary to take into aount the ǫ-term arefully.
(b)The gauge variation of the ǫ-term had to be fully taken into aount and ould not be expanded out as an
innitesimal exponent.
To establish a ontat between the analysis of earlier setions and these results, we shall now follow a proedure
parallel to that in [5℄.
We now onsider the generating funtional
W [J ; θ − δθ] =
∫
Dφ exp{iSeff [A, c, c; θ − δθ] + εR+ i
∫
d4xJµAµ} (94)
where Seff refers to the eetive ation in the interpolating gauge that interpolates between the Coulomb and
the Feynman gauge. We imagine performing the transformation as in [5℄,
A′αµ (x) −Aαµ(x) ≡ δAαµ(x) = iDαβµ cβ(x)
∫
d4zc(z)
∂F γ [A(z); θ]
∂θ
|
θ
δθ (95)
δcα(x) = −i1
2
gfαβγcβ(x)cγ(x)
∫
d4zc(z)
∂F γ [A(z); θ]
∂θ
|
θ
δθ (96)
δcα(x) = iFα[A(x); θ]
∫
d4zc(z)
∂F γ [A(z); θ]
∂θ
|
θ
δθ (97)
As shown in [5℄, to preserve the vauum-expetation-value of a gauge-invariant operator under this transformation,
it is required that the ǫ-term is suitably hanged from εR→ǫ(R+ δR) [ For a denition of δR, see Eq.(16)℄. It is
then easy to show that [5℄
W [J ; θ − δθ] =
∫
Dφ exp{iSeff [A, c, c; θ − δθ] + εR+ i
∫
JµAµd
4x} (98)
=
∫
Dφ′ exp{iSeff [A′, c′, c′; θ] + ε[R+ δR]
+i
∫
Jµ[A′µ − δAµ]d4x} (99)
We now suppress the primes in (99), and rewrite the two equations as∫
Dφ exp{iSeff [A, c, c; θ − δθ] + εR+ i
∫
JµAµ}
=
∫
Dφ exp{iSeff [A, c, c; θ] + ε[R+ δR] + i
∫
d4xJµ[Aµ − δAµ] (100)
Or written dierently,
<< exp{1
2
i
∫
d4x∆F 2 − i∆Sgh} >>|θ=<< exp{εδR− i
∫
d4xJµδAµ} >>|θ (101)
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where, we have introdued the short-hand notation
<< O[φ] >>|
θ
≡
∫
DφO[φ] exp{iSeff [A, c, c; θ] + εR+ i
∫
d4xJµAµ} (102)
and
∆F 2 ≡ F 2(θ)− F 2(θ − δθ); ∆Sgh = Sgh(θ) − Sgh(θ − δθ)
The relation (101) as it stands is undoubtedly orret. In the light of results of Setions 4 and 6 and of referene
[5℄, we however ask whether the simplied version of this result, obtained by expanding the exponential with an
innitesimal exponents, viz.
<< {1
2
i
∫
d4x∆F 2 − i∆Sgh} >>|θ=<< {εδR− i
∫
d4xJµδAµ} >>|θ (103)
i.e.
<< {1
2
i
∫
d4x∆F 2 − i∆Sgh − εδR+ i
∫
d4xJµδAµ} >>|θ= 0 (104)
and also the one obtained by dropping the εδR term altogether in (104), viz.
<< {1
2
i
∫
d4x∆F 2 − i∆Sgh + i
∫
d4xJµδAµ} >>|θ= 0 (105)
(whih we normally understand as the WT-identity relevant to the evaluation of the θ-dependene of Green's
funtions), an atually be used, in this form, to evaluate the gauge variation always
19
. We onsider this issue in
light of the results in setion 4, where we found that
<< exp[iδα
∫
d4xφ∂20φ]− 1 >> (106)
ould not always be interpreted as
<< [iδα
∫
d4xφ∂20φ] >> (107)
and it was later expliitly understood during the disussion regarding the example onsidered in setion 6. We
had also seen in referene [5℄ that the eet of the modiation of the ǫ-term was by no means always innitesimal:
It, in fat, lead to a unexpeted modiation of the propagator struture. In the normal usage of the WT-identity
[2,3℄, we not only arry out this expansion, but in fat ignore the ǫδR term altogether20.
We shall now try to apply the WT-identity (101) to the speial ase of the 4-point funtion onsidered in
Setion 6. We shall look at the left hand side of (101)in this ontext. To this 4-point funtion in the 1-loop
approximation, there are a number of diagrams ontributing. The eet of diagrams ontributing to this term is
to give the hange in the 4-point funtion in the one loop approximation when the parameter θ is hanged from
θ-δθ to θ. Among this dierene there is the ontribution whih is exatly of the form of the dierene
lim
ε→ 0 {I(θ)− I(θ − δθ)}
As seen, this dierene is not understood as δθ dI
dθ
for a proess at suh
21
a θ − δθ = θ0 that s′(θ0) = 4m2.
At this point, it may appear that as we are taking only one of the ontributions to the S-matrix elements, suh
19
We note, as mentioned earlier, that the WT-identity of the form (104) does not always follow by the proedure of expanding the
exponential . Nevertheless, it ould have been arrived at formally by writing down the BRS WT-identity and ating on it by the
funtional dierential operator δθ
∫
d4z{ δ
δξ(z)
∂Fγ
∂θ
[−i δ
δJ(z)
; θ]} . (Here, ξ refers to the soure of c). However, suh a WT-identity
will not enable us evaluate the gauge variation of a Green's funtion suh as that in Setion 6-7, when we want to jump aross θ = θ0,
sine it will not pik up the hange in the nondierentiable part (imaginary part in the ontext of the example in Se. 6-7) orretly.
There, we will have to use (101); where the eets of the ǫ-term annot be overlooked. Further, the WT-identity (104) annot be
exponentiated bak to yield (101) in the neighborhood of suh a point.
20
For unbroken gauge theories in the Lorentz lass of gauges, we believe this is justied either by noting that no modiation of
the pole strutrure happens in this ase by the ǫ-term variation ǫδR or by independent arguments.
21
For the ompatibility of notations with that used earlier in this setion, we have somewhat altered our onventions for δθ.
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disontinuities will anel out when all ontributions are taken into aount. Here, we would like to draw attention
to the remarks made in setion 7 that suh problems are by no means spei to the ontribution to the S-matrix
element, they are also present in the o-shell Green's funtions where we do not expet fortuitous anellations
of this kind to happen. [This fat has expliitly been veried in the example onsidered in Appendix A℄.
Now, this ontribution [I(θ)− I(θ− δθ)] annot be expanded as dI
dθ
δθ; so that it is not possible to expand out
(at least) this ontribution to<< exp{ 12 i
∫
d4x∆F 2} − 1 >>|
θ
as arising from << 12 i
∫
d4x∆F 2} >>|
θ
as then
it would have to be proportional to δθ. It is the latter term that is normally taken as one of the terms in the
WT-identity after assuming that suh an expansion does indeed hold!
We next move onto the term<< exp{εδR} >>|
θ
on the right hand side of (101). We would normally assume
that we an expand exp{εδR} as
exp{εδR} ≃ 1 + εδR
and we normally drop the term εδR on the right hand side of the WT-identity (104). We had however seen an
unusual eet of this term in [5℄ in the ontext of the present example of the interpolating gauge, whih was
neither innitesimal nor ignorable ( See setion 2 for more details). In fat, aording to [5℄, we annot always
treat this term as of a lesser order ompared to the original ǫ-term, εR, in the exponent: its eets ould be
drasti enough to alter the propagator struture for δθ >> ε. (This was essentially beause εδR an ontribute
to an inverse propagator in suh a way that the ontribution blows up in a sensitive kinematial region and an
overwhelm the ǫR term itself. The net ǫ-term then determines the new propagator struture). Thus, it is by no
means obvious that the expansion of exp{εδR} an be arried out nor is it obvious that its eets an be ignored
as it is normally done.
We shall expliitly show this in working for the example we have worked out in setion 9. To see this, we
restruture Eq.(93) as follows:
lim
ε→ 0 I
′(θ0, CC)− limε→ 0 I
′(θ, CC)
=
{
lim
ε→ 0 I
′[θ,
1
2
(C +A)
1
2
(C +A)]− lim
ε→ 0 I
′(θ, CC)
}
+O[δθ] (108)
We now ompare the above equation with (101). We note that the left hand side is a partiular ontribution
to << { 12 i
∫
d4x∆F 2} − 1 >>|
θ
from the diagram onsidered. The urly braket on the right hand side is the
orresponding (large) ontribution from << exp(εδR)−1} >>|
θ
and has arisen from the seemingly innitesimal
exponent εδR22. .We note that it is this ontribution that arries in it the drasti hange in I. It is the residue
that now is O(δθ) and (when suh residues are now olleted for all ontributing diagrams) it an be identied with
the usual innitesimal hange from << i
∫
d4xJµδAµ} >>|θthat we normally assoiate with the gauge-variation
of a Green's funtion via WT-identity.
To summarize, we have written out the rigorous WT-identity (101) as would follow from the path-integral
that takes into aount the ǫ-term. We went on to disuss whether the simpliations one usually makes in it
are always valid in the ontext of suh interpolating gauges.We therefore applied the WT-identity (101) to the
(o-shell and trunated) 4-point funtion of the gauge theories in 1-loop approximation. We write (101) as
<< exp{1
2
i
∫
d4x∆F 2 − i∆Sgh} − exp{εδR} >>|θ=<< −i
∫
d4xJµδAµ} >>|θ (109)
Contribution to the left hand side of (109) omes from a set of diagrams in pairs (the rst term giving the gauge
variation of an original diagram to the Green's funtion and the seond orresponds to the variation from an
appropriate modiation of the propagators C → 12 (C+A) in that diagram). We foused attention on a partiular
pair of ontributions to the two terms oming from two time-like gluons intermediate state. We showed that [ for
spei kinematial relations between pi's and θ℄ this ontribution to neither << exp{ 12 i
∫
d4x∆F 2} >>|
θ
nor<<
exp{εδR} >>|
θ
be expanded out as 1 + O(δθ). We further noted that the exp{εδR}term ould not be dropped
out of the WT-identity. We found further that when the dierene between these ontributions is taken, that
dierene is O(δθ) . We expet a similar result to hold for suh pairs of terms arising from dierent diagrams
and onrm the onlusion presented here for the entire 4-point funtion.
22
The ontribution from << exp(εδR) − 1} >>|
θ
to a trunated diagram having internal gauge boson lines is obtained as the
dierene of the diagram evaluated with
1
2
(C +A) as the propagator and the one with C as the propagator [5℄.
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11 Further omments
We shall now add several omments.
11.1 Extension of diulties assoiated with denition of
∂
∂θ
In setion 6, we disussed a spei simple ontribution to the 4-point funtion and studied its properties as θ is
varied. We found that for any physial amplitude, this ontribution was not dierentiable with θ at some value of
θ. Not only did the derivative not exist, the left and the right derivatives dier by innity. Moreover, we showed
that the order of the limits ǫ→ 0 and dierentiation ∂
∂θ
mattered at this point . We argued that the same eet
also holds for a similar ontribution to an o-shell Green's funtion. From its appearane, the sope of this result
appears limited. In this setion, we shall make a omment that suggests that the sope of this spei result
itself is in fat wider than stated so far and show that the diulties enountered in Setion 6 are by no means
onned to a partiular value of θ given s > 4m2. [In addition, of ourse, we would enounter similar problems
with other Green's funtions whih we have not dealt with in this work℄.
We shall give a simple argument to see that the diulty annot be onned to a partiular value of θ for a
given proess. We do this by onsidering dierent Lorentz frames.
We note that for a given s suiently larger than 4m2 (we shall soon be more spei about how muh larger)
there exists a Lorentz frame where s′ = 4m2 for any θ ∈ (0, 1]. To see this, we note that the existene of the
solution for
s′ = θ2p20 − |p|2 = 4m2
with
s = p20 − |p|2 > 4m2
simply requires that
s− 4m2 > (1− θ2)p20 = (1− θ2)(s+ |p|2)
This leads to
s >
4m2
θ2
+
(1− θ2)
θ2
|p|2 ≥ 4m
2
θ2
s >
4m2
θ2
also proves to be a suient ondition for the existene of a Lorentz frame with s′ = 4m2.
Thus, the diulties we enountered in Setion 6 will be enountered in some frame for any θ ∈ (0, 1] provided
s is suiently large.
We now onsider the generating funtional for the theory expanded in terms of the gauge eld Green's funtions
in momentum spae as:
Z[J, θ] =
∑
n
∫ ∏
i
d4piJ(pi)δ
4(
∑
i
pi)G˜c
(n)
(p1, ....pn; θ) (110)
Fousing our attention on the n = 4 term, for the present, we note that given any θ ∈ (0, 1), there exists a
G˜c
(4)
(p1, ....p4; θ) whih is not dierentiable there. In fat, this is true for all G˜c
(4)
(p1, ....p4; θ) for whih p1, p2, p3
lie in a ertain volume in an 11-dimensional subspae of the 12-dimensional momentum spae. This makes Z[J, θ]
nondierentiable
23
everywhere in θ ∈ (0, 1).
11.2 Wave-pakets
If one does not use sharply dened external line momenta but rather wave-pakets, the value of s and also s′for
the given diagram in Setion 6 are smeared. Then, with appropriate hoie of wave-pakets, it is possible to
allow for the denition of
∂
∂θ
I ′ |
smeared
even around the region of the unphysial partile threshold. However,
this is no more helpful than making
∂
∂θ
I ′ nite by keeping ǫ > 0 till the end ( See setion 5). In either ase,
the disussion in setion 10 remains valid: the ǫ-term ontinues to ontribute the same way exept that both the
terms on the left hand side of (109) are now simultaneously smeared. The important onlusions are unaltered.
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Here, we are assuming that we an use soures J(pi) that an reate sharply dened momentum states (plane wave states). We
an also relax this assumption and use only wavepakets for external lines. For this, please refer to the following subsetion 11.2 .
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12 Conlusions
We shall now summarize our onlusions.We pointed out that interpolating gauges neessarily ontain parameter-
dependent denominators. We onsidered the speial ase of the interpolating gauge of Doust that interpolates
between the Feynman and the Coulomb gauge. We drew attention to the fat that the path-integrals in suh
gauges do lead to Green's funtions that are not dierentiable funtions of the variable parameter θ. We dealt
with a spei ontribution to a 4-point funtion in 1-loop approximation in detail. In onnetion with this, we
established several results. We found that this was not dierentiable at some value of the interpolating parameter
θ ∈ (0, 1). In fat, we showed that the path-integral that generates suh diagrams has this obstrution at every
θ ∈ (0, 1). We further showed that this amplitude at suh a θ = θ0 is not a dierentiable funtion of θ, and
onsequently, the gauge variation around this point is not of O(δθ) as the parameter is varied from θ0 → θ0 + δθ.
This ontradits the assumption one makes in the derivation of the WT-identity. We further found that in the
neighborhood of suh point, it was neessary to keep the ontribution from the variation of the ǫ-term in the
WT-identity. Both of these ontributions were  large in the neighborhood of this point. We further made the
onnetion with the results of Ref.[5℄.
13 Appendix A
In this appendix, we shall give an expliit example to substantiate the laims in Setion 7 for the o-shell Green's
funtions. It will prove simpler to deal with an abelian gauge theory: we shall onsider salar eletrodynamis
given by the Lagrangian density,
L = (∂µφ∗ + ieAµφ∗)(∂µφ− ieAµφ)−m2φ∗φ− 1
2
F [A, θ]2 − 1
4
FµνF
µν
For future use, we note the propagator for the gauge boson[12℄:
Gµν = G
tr
µν +G
T
µν +G
L
µν
with
Gtrµν =
igµigνj
k2 + iε
(δij − kikj|k|2 )
GTµν = −
igµ0gν0
(θ2k20 − |k|2 + iε)
GLµν = θ
2 igµigνjk
ikj
(θ2k20 − |k|2 + iε)
1
|k|2
are respetively, the transverse, the time-like, and the longitudinal propagators. We note that both the GTµν , G
L
µν
have the same pole struture, while the transverse part has only a usual pole at k2 + iε = 0.
We onsider the 1-loop ontributions to the proess:
φ+φ− → φ+φ−
through 2-photon exhange. We let the 4-momenta of the 4 partiles be pi; i = 1, 2, 3, 4 respetively.We shall not
neessarily require these to be on-shell but later hoose them suitably.
We onsider the imaginary part of the forward amplitude for this proess with p2i ≤ m2and s > 0 and u < 0.
In this ase, the ontribution to the imaginary part omes only from the two photons in the intermediate states
and there are three possibilities:(1) both photon propagators are Gtr;(2) One photon propagator is Gtrand the
other is G(T,L); and (3)both the photon propagators are G(T,L). It turns out that the threshold for the ases (1)
and (2) are at (p1 + p2)
2 = (k1 + k2)
2 = 0 and thus are independent of θ. Only the threshold for the third ase
is at θ2(p10 + p20)
2 − |p1 + p2|2 = 0 as also found in Setion 6. This θ-dependent threshold gives trouble with
dierentiation.
We have veried that the imaginary part arising from the ase (3) vanishes for the on-shell amplitude in the
one-loop approximation; whih is guaranteed here from the tree WT-identities (terms in whih do not yet depend
22
on the gauge). We have also veried that the imaginary part from the ase (3) does not vanish near threshold for
the o-shell amplitude.
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1℄ On page 29, in the seond line after Eq. (105), replae the part of the sentene:  atually holds in this
form. by the following (together with the footnote there):
an atually be used, in this form, to evaluate the gauge variation always
24
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